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ON ORTHOGONAL p-ADIC WAVELET BASES
S. EVDOKIMOV AND M. SKOPINA
Abstract. A variety of different orthogonal wavelet bases has been found
in L2(R) for the last three decades. It appeared that similar constructions
also exist for functions defined on some other algebraic structures, such as the
Cantor and Vilenkin groups and local fields of positive characteristic. In the
present paper we show that the situation is quite different for the field of p-adic
numbers. Namely, it is proved that any orthogonal wavelet basis consisting of
band-limited (periodic) functions is a modification of Haar basis. This is a little
bit unexpected because from the wavelet theory point of view, the additive
group of p-adic numbers looks very similar to the Vilenkin group where analogs
of the Daubechies wavelets (and even band-limited ones) do exist. We note
that all p-adic wavelet bases and frames appeared in the literature consist of
Schwartz-Bruhat functions (i.e., band-limited and compactly supported ones).
1. Introduction
In the early nineties a general scheme for constructing wavelets of real argument
was developed. This scheme is based on the concept of multiresolution analysis
(MRA in the sequel) introduced by Meyer and Mallat [6], [7] (see also, [9], [20]).
The theory allowed to construct orthogonal wavelet bases essentially different from
the Haar basis, and, in particular, the Daubechies wavelets [9] which are actively
implemented in signal processing and other engineering areas.
It appeared that similar constructions also exist for functions defined on some
other algebraic structures, such as the Cantor and Vilenkin groups, local fields of
positive and zero characteristic, and adele rings (see, e.g., [15], [16], [17], [18], [19],
[12], [1], [4]).
In the p-adic setting, the situation is as follows. In 2002 the first p-adic wavelet
basis for L2(Qp) where Qp is the p-adic field, was found in [8]. It is an analog of the
Haar basis for reals and consists of translations by elements of the p-adic interval
Ip =
{ k
pn
∈ Qp : k = 0, . . . , pn − 1, n = 0, 1 . . .
}
and p-adic dilations, of p − 1 functions (wavelet functions in the sequel). In [12]
the notion of p-adic MRA was introduced and a general scheme for its construction
was described. Following Meyer and Mallat one starts with a scaling function, i.e.
a function ϕ whose Ip-translations form an orthonormal system, and the sequence
of spaces
Vm = span
{
ϕ
(
x
pm
− a
)
: a ∈ Ip
}
, m ∈ Z,
2000 Mathematics Subject Classification. Primary 11E95, 42C40.
Key words and phrases. p-adic field, orthogonal wavelet basis, Haar multiresolution analysis.
This research was supported by Grant 12-01-00216 of RFBR and state-financed project
9.38.62.2012 of SPbGU.
1
2 S. EVDOKIMOV AND M. SKOPINA
is increasing and dense in L2(Qp). The scheme was used to construct the p-adic
Haar MRA where the characteristic function of the ring of p-adic integers Zp was
taken as a scaling function. This leads to the wavelet basis constructing in [8].
Next it was interesting to find other MRAs in order to obtain essentially different
wavelet bases. However all these attempts were unsuccessful. Although some other
scaling functions were found in [13], it appeared that all of them lead to the same
Haar MRA. An explanation of this failure was given in [1], where the authors proved
that the Haar MRA is a unique MRA in the sense of the definition given in [12],
that is generated by a test (Schwartz-Bruhat) scaling function. So, it is not possible
to find essentially new orthogonal p-adic wavelet bases as MRA-based ones. (It is
interesting to note that as it was shown in [2], [3], there exist infinitely many non-
orthogonal MRAs in the sense of the definition given in [1], i.e. those for which the
Ip-translations of the scaling function do not form an orthogonal system).
Now the following question arises: do there exist orthogonal wavelet bases not
generated by the Haar MRA? In the present paper we answer to this question in the
negative restricting ourselves to the bases consisting of band-limited functions (the
class of band-limited functions contains the test functions, and coincides with the
class of periodic functions in L2(Qp)). Moreover, it is proved that any orthogonal
wavelet basis consisting of test functions is equivalent in a natural sense to the Haar
basis constructed in [8].
Let us discuss what the words ”basis is generated by the Haar MRA” mean.
Following the standard scheme for constructing MRA-based wavelets, one defines
the Haar wavelet spaces Wm (the orthogonal complement of Vm in Vm+1) and find
a set of wavelet functions whose Ip-translations form an orthonormal basis for W0.
We call such a set standard; the corresponding wavelet basis for L2(Qp) consisting
of Ip-translations and p-adic dilations of its elements, is called a standard Haar
basis. Any standard set of wavelet functions consists of p − 1 elements belonging
to W0. Moreover, a set of functions that is unitary equivalent to a standard set is
standard too, but there are standard sets which are not unitary equivalent to each
other. All standard sets consisting of test functions were described in [14].
There exists, however, a lot of non-standard orthogonal wavelet bases generated
by the Haar MRA. Indeed, it is easy to see that each standard wavelet function ψ
can be replaced by p functions (not belonging to W0) the set of Ip-translations and
p-adic dilations of which, coincides with that of ψ (see Section 2 for details). So,
the same standard wavelet basis can be generated by a non-standard set of wavelet
functions. Moreover, if one applies a unitary transform to the latter set, then a
new orthogonal wavelet basis different from a standard one, can be obtained. Of
course these two operations (and their inverses) can be repeated several times, and
any basis obtained in this way is actually generated by the Haar MRA. It is natural
to call it a ”damaged ” Haar basis. We observe that all non-standard orthogonal
p-adic wavelet bases we saw in the literature (see, e.g., [10], [11]) are of that type. In
the present paper we prove that any orthogonal p-adic wavelet basis whose elements
are band-limited is such a ”damaged ” Haar basis.
The paper is organized as follows. Notation and basic facts on p-adic analysis
we need, are concentrated in Section 2. Section 3 contains basic definitions and
statements of main results. In Section 4 we prove auxiliary results on general and
periodic vector-functions generating orthonormal wavelet systems and especially
orthonormal wavelet bases. Section 5 contains the proofs of Theorems 1, 2 and 3.
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2. Notations and basic facts
Here and in what follows, we systematically use the notation and results from [21].
As usual, by Z, Q R and C we denote the ring of rational integers and the fields
of rational, real and complex numbers, respectively.
The field Qp of p-adic numbers is the completion of the field Q with respect to
the p-adic norm | · |p defined as follows:
|x|p =
{
p−γ , if x = pγ mn 6= 0;
0, if x = 0.
where γ ∈ Z and m, n are integers not divisible by p. The extension of this norm
to Qp is also denoted by | · |p.
The norm | · |p is non-Archimedean, i.e. satisfies the strong triangle inequality
|x+ y|p ≤ max(|x|p, |y|p), x, y ∈ Qp.
Any p-adic number x 6= 0 can uniquely be written in the form
(2.1) x =
∞∑
j=γ
xjp
j
where γ ∈ Z and xj ∈ {0, 1, . . . , p − 1} with xγ 6= 0. The fractional part {x}p of
the number x equals by definition
∑−1
j=γ xjp
j . We also set {0}p = 0.
The ring of p-adic integers Zp and the p-adic interval Ip are defined by
Zp = {x ∈ Qp : {x}p = 0}, Ip = {x ∈ Qp : {x}p = x},
We observe that the translations of Zp by the elements of Ip are mutually disjoint
and the union of them equals Qp. Besides, Zp = {x ∈ Qp : |x|p ≤ 1}.
The additive character χp of the field Qp is defined by
χp(x) = e
2pii{x}p , x ∈ Qp.
The field Qp is locally compact. Denote by dx the normalized Haar measure
on it. By definition this measure is positive, invariant under translations, i.e.,
d(x+ a) = dx for all a ∈ Qp, and satisfies the condition
∫
Zp
dx = 1. Moreover,
d(ax) = |a|p dx, a ∈ Qp \ {0}.
The Hilbert space of all complex-valued functions on Qp summing with square with
respect to the measure dx, is denoted by L2(Qp).
Denote by D the p-adic Bruhat-Schwartz space, i.e. the linear space of locally-
constant compactly supported functions defined on Qp (so-called test functions).
This space is a p-adic analog of the Schwartz space in the real analysis.
The Fourier transform of a function f ∈ D is defined as
f̂(ξ) =
∫
Qp
χp(ξx)f(x) dx, ξ ∈ Qp,
This yields a linear isomorphism taking D onto D. It can uniquely be extended to
a linear isomorphism of L2(Qp). Moreover, the Plancherel equality holds∫
Qp
f(x)g(x) dx =
∫
Qp
f̂(ξ)ĝ(ξ) dξ, f, g ∈ L2(Qp).
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A function f ∈ L2(Qp) is said to be band-limited if its Fourier transform f̂ is
compactly supported. Given m ∈ Z, the function f̂ is supported on p−mZp if and
only if f is pm-periodic, i.e.
f(x+ pm) = f(x), x ∈ Qp.
Thus the spaces of band-limited and periodic functions coincide. Moreover, the p-
adic Bruhat-Schwartz space D equals the space consisting of all both band-limited
(periodic) and compactly supported functions in L2(Qp).
Below for f ∈ L2(Qp), m ∈ Z and a ∈ Qp, we set
(2.2) fm,a(x) = p
m/2f
(
x
pm
− a
)
, x ∈ Qp.
Let ϕ be a characteristic function of the set Zp. For every integerm, the functions
ϕm,a, a ∈ Ip, form an orthonormal system. The sampling spaces Vm of the Haar
MRA are defined by
(2.3) Vm = span {ϕm,a : a ∈ Ip}, m ∈ Z.
The union of all spaces Vm is dense in L2(Qp), and Vm ⊂ Vm+1 for all m (see the
p-adic MRA theory [12]). Any function ϕm,a is p
m-periodic. Moreover,
Vm = {f ∈ L2(Qp) : f is pm-periodic}.
The wavelet spaces Wm are defined by
(2.4) Wm = Vm+1 ⊖ Vm, m ∈ Z,
and we have the following orthogonal decomposition
(2.5) L2(Qp) =
⊕
m∈Z
Wm.
Finally, let us define a translation operator T on L2(Qp) by
(2.6) (Tf)(x) = f(x− 1), x ∈ Qp.
Then the operator T is unitary and the spaces Vj andWj are T -invariant. Moreover,
Tf = f0,1 in accordance with (2.2).
3. Main results
Let r be a positive integer and Ψ = (ψ(1), . . . , ψ(r))T where ψ(ν) ∈ L2(Qp) for
all ν = 1, . . . , r.
Definition 3.1. The system of functions
{ψ(ν)m,a : m ∈ Z, a ∈ Ip, ν = 1, . . . , r}
is called wavelet system generated by the vector-function Ψ (or by its components
ψ(ν) called wavelets). If this system is an orthonormal basis for L2(Qp), one says
that Ψ generates an orthonormal wavelet basis (ONWB in the sequel).
The number r = rk(Ψ) is called the rank of Ψ. The vector-function Ψ is called
eigen if every component of Ψ is an eigenfunction of the translation operator (2.6).
Two vector-functions Ψ and Ψ′ are said to be unitary equivalent if there exists
a unitary matrix U such that Ψ = UΨ′. Evidently, if Ψ generates an ONWB and
Ψ′ is unitary equivalent to Ψ, then Ψ′ generates an ONWB.
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Definition 3.2. A vector-function generating an ONWB is called standard Haar if
it is of rank p− 1 and all its components are in W0. The ONWB is called standard
Haar basis in this case.
It is well known that the vector-function Θ = (θ(1), , . . . , θ(p−1))T where
θ(ν)(x) = ϕ(x)χp
(
νx
p
)
, ν = 1, . . . , p− 1,
is standard Haar (see [12]). It is called the basic Haar vector-function. Moreover,
Θ is eigen because
(3.1) θ(ν)(x− 1) = χp
(
−ν
p
)
θ(ν)(x).
Given a standard Haar vector-function, one can easily ”damage” it to obtain an-
other vector-function (which is non-standard) generating the same ONWB. Using
such a technique together with replacing some vector-functions by unitary equiv-
alent ones, new orthogonal wavelet bases can be obtained. This is illustrated as
follows.
Example 3.3. Let p = 2, ψ = θ(1). Then (ψ) can be treated as a standard Haar
vector-function consisting of one function ψ. Set
ψ(1)(x) =
√
2ψ(x/2), ψ(2)(x) =
√
2ψ((x − 1)/2).
Evidently, the sets {ψ(ν)m,a : m ∈ Z, a ∈ Ip, ν = 1, 2} and {ψm,a : m ∈ Z, a ∈ Ip}
coincide. So the wavelet system generated by ψ(1), ψ(2) is a standard Haar basis,
but (ψ(1), ψ(2))T is not a standard Haar vector-function. Similarly, the functions
ψ(1), ψ(2,1), ψ(2,2), where
ψ(2,1)(x) =
√
2ψ(2)(x/2), ψ(2,2)(x) =
√
2ψ(2)((x − 1)/2),
generate the same standard Haar basis. Set
ψ˜(1) =
1√
2
(ψ(1) + ψ(2,1)), ψ˜(2) =
1√
2
(ψ(1) − ψ(2,1)), ψ˜(3) = ψ(2,2).
These functions generate an ONWB which is not a standard Haar basis, but the
vector-function Ψ˜ = (ψ˜(1), ψ˜(2), ψ˜(3))T is unitary equivalent to a vector-function
generating a standard Haar basis. Next set
ψ˜(1,1)(x) =
√
2ψ˜(1)(x/2), ψ˜(1,2)(x) =
√
2ψ˜(1)((x − 1)/2).
It is not difficult to see that the vector-function Ψ˜′ = (ψ˜(1,1), ψ˜(1,2), ψ˜(2), ψ˜(3))T
generates an ONWB, but Ψ˜′ does not generate a standard Haar basis, and Ψ˜′ is
not unitary equivalent to a vector-function generating a standard Haar basis.
Definition 3.4. Two vector-functions Ψ, Ψ′ are said to be wavelet equivalent if
there exist vector-functions Ψ0, . . . ,ΨN such that Ψ0 = Ψ, ΨN = Ψ
′, and for every
j > 0 either Ψj is unitary equivalent to Ψj−1 or Ψj and Ψj−1 generate the same
wavelet system (as a set).
Evidently, the property of vector-functions to be wavelet equivalent is preserved
under changing the order of components in one of them. So, we can use the term
”wavelet equivalent” for two sets of functions, or to say that a vector-function is
wavelet equivalent to a set of functions (which can be considered as the components
of another vector-function).
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We note also that the wavelet equivalence relation is reflexive, symmetric and
transitive. Moreover, if Ψ generates an ONWB and Ψ′ is unitary equivalent to Ψ,
then Ψ′ generates an ONWB.
It is easy to see that any standard Haar basis consists of periodic functions. So,
if a vector-function is wavelet equivalent to a standard Haar vector-function, then
all its components are periodic. It appears that the converse statement is also true.
Theorem 1. Any periodic vector-function Ψ generating an ONWB is wavelet equiv-
alent to a standard Haar vector-function which can be taken eigen. If, moreover,
Ψ is compactly supported, then it is wavelet equivalent to the basic Haar vector-
function Θ.
As a byproduct of Theorem 1 we obtain the following statement.
Theorem 2. The rank r of a periodic vector-function generating an ONWB is
divisible by p− 1, in particular, r ≥ p− 1.
When considering Example 3.3, we see how to find ONWBs which are not stan-
dard Haar bases. Every vector-function constructed in this way is wavelet equivalent
to a standard Haar one. However, really the situation is more specific. Namely,
at each step, where the vector-functions Ψj and Ψj−1 generate the same wavelet
basis, in fact Ψj is obtained from Ψj−1 by changing one of its components for two
functions. To describe all bases that can be constructed in such a way for an arbi-
trary p, we say that Ψ′ is reducible to Ψ if there exist vector-functions Ψ0, . . . ,ΨN
such that Ψ0 = Ψ, ΨN = Ψ
′, and for every j > 0, either Ψj is unitary equivalent to
Ψj−1 or Ψj−1 is obtained from Ψj by changing one of its components, say ψ
(ν)
j (x),
for p functions ψ
(ν)
j
(
x−k
p
)
, k = 0, . . . , p− 1.
It would be attractive to replace the words ”wavelet equivalent” by ”reducible”
in Theorem 1. However this is impossible due to the following statement.
Theorem 3. There exists a vector-function generating an ONWB that cannot be
reduced to a standard Haar vector-function.
4. Auxiliary results
Lemma 4. Let m ≥ 0 be an integer and ψ ∈ L2(Qp). If ψ =
∑
a∈Ip
caϕm,a with
ca ∈ C, then
(4.1)
pm−1∑
ν=0
∞∑
j=0
∑
b∈Ip
|〈f (ν), ψ−j,b〉|2 = p
p− 1
∑
a∈Ip
|ca|2
where f (ν) = ϕm,ν/pm .
Proof. Set
A0 = {0} ∪
(
Ip ∩
(
1− 1
pm
, 1
))
, Aν = Ip ∩
(ν − 1
pm
,
ν
pm
]
, ν = 1, . . . , pm − 1.
Then evidently, Ip =
⋃pm−1
ν=0 Aν and Aν ∩ Aµ = ∅ for ν 6= µ.
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Let ν 6= 0, j ≥ 0 and b ∈ Ip. Then
〈f (ν), ψ−j,b〉 =
∑
a∈Ip
ca
∫
Qp
pm/2ϕ
(
x
pm
− ν
pm
)
p(m−j)/2ϕ
(
x
pm−j
− b
pm
− a
)
dx =
p−j/2
∑
a∈Ip
ca
∫
Qp
ϕ(x)ϕ
(
pjx−
(
a+
b
pm
− ν
pm
))
dx = p−j/2c(ν−b)/pm .
Since (ν − b)/pm ∈ Aν for all b ∈ Ip, and each a ∈ Aν can be represented in this
form, we have
(4.2)
∑
b∈Ip
|〈f (ν), ψ−j,b〉|2 = p−j
∑
a∈Aν
|ca|2.
Now let ν = 0. Then similarly, for j ≥ 0 we have 〈f (0), ψ−j,0〉 = p−j/2c0 and
〈f (0), ψ−j,b〉 = p−j/2c1− b
pm
, if b ∈ Ip \ {0}. This yields
(4.3)
∑
b∈Ip
|〈f (0), ψ−j,b〉|2 = p−j
∑
a∈A0
|ca|2.
Adding (4.2) and (4.3) for all ν = 0, . . . , pm − 1 and j = 0, 1, . . . we obtain (4.1).♦
Proposition 5. Let functions ψ(1), . . . , ψ(r) ∈ Vm, m ≥ 0, generate an orthonormal
wavelet system. Then
(1) r ≤ (p − 1)pm−1; in particular, the wavelet system generated by ψ ∈ V0
cannot be orthogonal.
(2) If all functions ψ(1), . . . , ψ(r) are inWm−1, m > 0, and generate an ONWB,
then r = (p− 1)pm−1.
Proof. Any function ψ(ν) is in Vm, so it can be expanded as ψ
(ν) =
∑
a∈Ip
c
(ν)
a ϕma.
Let f (µ) be the function from Lemma 4. Then using the Bessel inequality and (4.1),
we have
pm =
pm−1∑
µ=0
‖f (µ)‖2 ≥
pm−1∑
µ=0
r∑
ν=0
∑
j∈Z
∑
b∈Ip
|〈f (µ), ψ(ν)−j,b〉|2 ≥(4.4)
r∑
ν=0
pm−1∑
µ=0
∞∑
j=0
∑
b∈Ip
|〈f (µ), ψ(ν)−j,b〉|2 =
r∑
ν=0
p
p− 1
∑
a∈Ip
|c(ν)a |2 =
r∑
ν=0
p
p− 1‖ψ
(ν)‖2 = rp
p− 1 ,
which proves statement (1).
Now if ψ(ν) ∈ Wm−1, then ψ(ν)j,b is orthogonal to Vm for all j > 0, b ∈ Ip. Hence,
〈f (µ), ψ(ν)−j,b〉 = 0 whenever j < 0. It follows that the second inequality in (4.4)
can be replaced by equality. If, moreover, the functions ψ(1), . . . , ψ(r) generate an
ONWB, then due to the Parseval equality the first inequality in (4.4) also can be
replaced by equality. This proves statement (2). ♦
To formulate Proposition 7 which is a driver of the Theorem 1 proof, we need
the following simple observation to be also used several times in what follows.
Lemma 6. Let m,n be positive integers, m ≥ n, and f ∈ Vm−n. Then there exist
functions f (k) ∈ Vm, k = 0, . . . , pn − 1, the wavelet system generated by which
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coincides with that generated by f . The functions f (k) can be given by
(4.5) f (k)(x) := fn,k/pn(x) = p
n/2f
(
x− k
pn
)
, k = 0, . . . , pn − 1.
Proof. The functions defined in (4.5) are what we need because
f (k)
(
x
pj
− b
)
= pn/2f
(
x
pj+n
− k + b
pn
)
for all j ∈ Z and b ∈ Qp, and
Ip =
pn−1⋃
k=0
{
k + b
pn
: b ∈ Ip
}
.♦
Below by a non-trivial linear combination of functions ψ(1), . . . , ψ(r) we mean
any function α1ψ
(1) + · · ·+ αrψ(r) such that αν 6= 0 for some ν = 1, . . . , r.
Proposition 7. Let a vector-function Ψ of rank r with all components in Vm
where m > 0, generate an ONWB. Suppose that there exists a non-trivial linear
combination of the components which is in Vm−1. Then Ψ is wavelet equivalent to
a vector-function of rank r + p− 1, all components of which are in Vm.
Proof. Let Ψ = (ψ(1), . . . , ψ(r))T and let α1ψ
(1) + · · ·+ αrψ(r) be a non-trivial
linear combination belonging to Vm−1. Set Ψ
′ = UΨ, where U is a unitary matrix
whose first row is the normalized vector (α1, . . . , αr). The vector-function Ψ
′ is
unitary equivalent to Ψ, which yields that rk(Ψ′) = r and Ψ′ generates an ONWB.
Since the first component of Ψ′ is in Vm−1 and the other components are in Vm,
by Lemma 6 there exists a vector function Ψ˜ with all components in Vm such that
rk(Ψ˜) = r + p− 1 and the wavelet systems generated by Ψ′ and Ψ˜ coincide. ♦
Proposition 8. If a periodic vector-function Ψ = (ψ(1), . . . , ψ(r))T generates an
ONWB, then
(4.6) Ψ(x− 1) =
n∑
j=−∞
AjΨ(p
−jx), x ∈ Qp,
where n ≥ 0 and Aj is an r × r matrix with complex entries.
Proof. The functions ψ
(ν)
ja , a ∈ Ip, j ∈ Z, ν = 1, . . . , r, form an orthonormal
basis for L2(Qp). Therefore, for every µ we have
ψ(µ)(x− 1) = ψ(µ)01 (x) =
∑
j∈Z
∑
a∈Ip
r∑
ν=1
〈ψ(µ)01 , ψ(ν)ja 〉ψ(ν)ja (x).
If j ∈ Z and a ∈ Ip \ {0}, then there exists a rational number b = b(j, a), such that
1− b ∈ Ip, a− p−jb ∈ Ip, whence
〈ψ(µ)01 , ψ(ν)ja 〉 = pj/2
∫
Qp
ψ(µ)(x− 1)ψ(ν)(p−jx− a) dx =
pj/2
∫
Qp
ψ(µ)(x− (1− b))ψ(ν)(p−jx− (a− p−jb)) dx = 0,
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i.e.,
(4.7) ψ(µ)(x− 1) =
∑
j∈Z
r∑
ν=1
〈ψ(µ)0,1 , ψ(ν)j,0 〉ψ(ν)j,0 (x).
Since Ψ is a periodic vector-function, there exists m ∈ Z such that ψ(ν) ∈ Vm for
all ν. Due to Proposition 5, the function ψ(ν) is not in V0, i.e. m > 0. If j ≥ m,
then pm−j − p−j ∈ Ip \ {0}, which yields
〈ψ(µ)0,1 , ψ(ν)j,0 〉 = pj/2
∫
Qp
ψ(µ)(x+ pm − 1)ψ(ν)(p−jx) dx =
pj/2
∫
Qp
ψ(µ)(x)ψ(ν)(p−jx− (pm−j − p−j)) dx = 0.
Substituting this into (4.7), we get (4.6) with n = m− 1. ♦
Let m > 0 be an integer. For any integer l set
(4.8) Vm,l = {f ∈ Vm : Tf = e−2pii lpm f }
where T is the translation operator (2.6). Thus, Vm,l is the eigenspace of T that
corresponds to the eigenvalue λl = e
−2pii l
pm . Obviously, Vm.0 = V0 and Vm,l = Vm,l′
whenever l ≡ l′(mod pm). Moreover, since eigenfunctions belonging to different
eigenvalues are orthogonal, the spaces Vm,l where 0 ≤ l ≤ pm − 1, are pairwise
orthogonal.
Lemma 9. Let m > 0 be an integer. Then
(1) Vm,l = Vm+k,lpk for all l and all k ≥ 0;
(2) Wm−1 =
⊕
l∈Sm
Vm,l where Sm = {l ∈ {0, . . . , pm−1} : p does not divide l};
(3) If l ∈ Sm, then the space Vm,l is orthogonal to the wavelet system generated
by any function belonging to Vm,l′ with l
′ ∈ Sm \ {l}.
Proof. Statement (1) is obvious. Further, since the operator T is unitary and
T p
m
= I on Vm, the space Vm can be decomposed into the orthogonal sum of its
eigenspaces (see e.g. [5, Ch.1]):
Vm =
pm−1⊕
l=0
Vm,l.
(Indeed, if f ∈ Vm, then f =
∑
l fl where fl := p
−m
∑
j e
2pii j
pm T jf is in Vm,l).
Moreover, by statement (1) any space Vm.l with l coprime to p is orthogonal to
the space Vm−1 =
⊕pm−1−1
l=0 Vm,lp whereas any space Vm.l with l dividing p is a
subspace of Vm−1. Thus statement (2) follows from the definition of Wm−1. To
prove statement (3) it suffices to note that by (2.5) the spaces Wj , j ∈ Z, are
pairwise orthogonal and use statement (2). ♦
Proposition 10. Let a vector-function Ψ generate an ONWB. Suppose that for
some m > 0 any non-trivial linear combination of its components is in Vm \ Vm−1.
Then r(Ψ) = (p − 1)pm and Ψ is unitary equivalent to an eigen vector-function
every component of which belongs to Wm−1.
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Proof. Due to Proposition 8, identity (4.6) holds with some n ≥ 0. Assume that
n > 0 and An is a non-zero matrix. Then by the hypothesis at least one component
of the vector-function AnΨ(p
−nx) is in Vm+n \ Vm+n−1, whereas all components
of the left-hand side of (4.6) and of the sum
∑n−1
j=−∞ AjΨ(p
−jx) are in Vm+n−1, a
contradiction. Therefore, n = 0, i.e.,
(4.9) Ψ(x− 1) =
0∑
j=−∞
AjΨ(p
−jx), x ∈ Qp,
Iterating this identity pm times and taking into account that Ψ(x − pm) = Ψ(x)
for all x ∈ Qp, we obtain that every component of the vector-function (I −Ap
m
0 )Ψ
belongs to Vm−1, where I is the r × r identity matrix with r = rk(Ψ). But if
I 6= Apm0 , then by the hypothesis at least one component of this vector-function is
in Vm \ Vm−1, a contradiction. Thus,
(4.10) Ap
m
0 = I.
It follows from (4.9) and the Parseval equality that the Euclidean norm of each
row of A0 does not exceed 1. On the other hand, by the Adamar inequality the
product of these norms is not less than | detA0| which equals 1 due to (4.10). Thus,
A0 is a unitary matrix. Again using the Parseval equality, we obtain that Aj = 0
for all j < 0, i.e.
(4.11) Ψ(x− 1) = A0Ψ(x), x ∈ Qp.
Let λ1, . . . , λr be eigenvalues of A0, and let D be the r× r diagonal matrix with
λ1, . . . , λr on the diagonal. There exists a unitary matrix U such thatA0 = UDU
−1.
Set Ψ˜ = UΨ, and rewrite (4.11) as
Ψ˜(x− 1) = DΨ˜(x), x ∈ Qp.
So every component of Ψ˜ is an eigenfunction of T . It cannot belong to Vm−1 by
the hypothesis, thus it is in Wm−1 by statement (2) of Lemma 9. ♦
Proposition 11. Let Ψ be an eigen vector-function generating an ONWB. Suppose
that r(Ψ) = (p − 1)pm−1 and every component of Ψ belongs to Wm−1. Then Ψ is
wavelet equivalent to an eigen standard Haar vector-function.
Proof. Let Ψ = (ψ(1), . . . , ψ(M))T where M = (p− 1)pm−1. By the hypothesis
and statement (2) of Lemma 9 we have ψ(ν) ∈ Vm,lν for all ν = 1, . . . ,M where
lν ∈ Sm. If the mapping
F : {1, . . . ,M} → Sm, ν 7→ lν
is not a surjection, then there exists l ∈ Sm not belonging to the image of F . So by
statement (3) of Lemma 9, any function in the space Vm,l 6= {0} is orthogonal to
the wavelet system generated by Ψ which is a basis for L2(Qp) by the hypothesis,
a contradiction. Since #Sm =M we conclude that F is a bijection.
For µ = 1, . . . , p− 1 set
f (µ)(x) = p1−m
∑
ν∈Tµ
ψ(ν)(pm−1x), x ∈ Qp,
where
Tµ = F
−1(Sm,µ) with Sm,µ = {l ∈ Sm : l ≡ µ(mod p)}.
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We have ‖f (µ)‖ = 1 for all µ because #Tµ = #Sm,µ = pm−1. Moreover,
f (µ)(x− 1) = c
∑
ν∈Tµ
ψ(ν)(pm−1x− pm−1) = c
∑
ν∈Tµ
e−2pii
lν
p ψ(ν)(pm−1x) =
c
∑
ν∈Tµ
e−2pii
µ
p ψ(ν)(pm−1x) = e−2pii
µ
p f (µ)(x)(4.12)
where c = p1−m.
By Lemma 6 the wavelet system generated by a function f (µ) coincides with that
generated by the functions f
(µ)
m−1,k/pm−1 , k = 0, . . . , p
m−1 − 1, where
f
(µ)
m−1,k/pm−1(x) = p
(m−1)/2f (µ)
(
x− k
pm−1
)
.
On the other hand, since Sm,µ = {l = µ+ pj : j = 0, . . . , pm−1 − 1} we have
f
(µ)
m−1,k/pm−1(x) = c
1/2
∑
ν∈Tµ
ψ(ν)(x − k) = c1/2
∑
ν∈Tµ
e−2pii
lνk
pm ψ(ν)(x) =
c1/2
∑
l∈Sm,µ
e−2pii
lk
pm ψ(νl)(x) = c1/2
pm−1−1∑
j=0
e−2pii
(µ+pj)k
pm ψ(νj,µ)(x) =
e−2pii
µk
pm
pm−1−1∑
j=0
c1/2e
−2pii jk
pm−1 ψ(νj,µ)(x)
where νj,µ = νl = F
−1(l) for l = µ+ pj. However it is well known that the matrix(
p−n/2e−2pii
jk
pn
)pn−1
j,k=0
,
is unitary for any integer n ≥ 0. So the system of functions
{f (µ)m−1,k/pm−1 : k = 0, . . . , pm−1 − 1}
is unitary equivalent to the system {ψ(νj,µ) : j = 0, . . . , pm−1−1} = {ψ(ν) : ν ∈ Tµ}.
Since the sets Tµ are pairwise disjoint and the union of them equals {1, . . . ,M},
we conclude that the vector-function Ψ′ = (f (1), . . . , f (p−1)) is wavelet equivalent
to Ψ. The components of Ψ are in Wm−1, so the components of Ψ
′ are in W0.
Thus, Ψ′ is a standard Haar vector function. It is eigen due to (4.12).
5. Proof of main results
Proof of Theorems 1 and 2. In what follows, we say that a vector-function is
in Vj if all its components are in Vj . Let Ψ = Ψ0 be a p
m-periodic vector-function
generating an ONWB. Then Ψ0 is in Vm and m > 0 because of Proposition 5.
Assume that some non-trivial linear combination of components of Ψ0 is in Vm−1.
Due to Proposition 7, Ψ0 is wavelet equivalent to a vector-function Ψ1 in Vm such
that rk(Ψ1) = rk(Ψ0) + p − 1. Similarly, if some non-trivial linear combination of
components of Ψ1 is in Vm−1, then Ψ1 is wavelet equivalent to a vector-function
Ψ2 in Vm such that rk(Ψ2) = rk(Ψ1) + p− 1. Continue this process while possible.
At each step we obtain a new vector-function belonging to Vm and generating an
ONWB. The rank of the vector-functions strictly increases. However by Proposi-
tion 5, it does not exceed (p − 1)pm−1. Hence the process will stop after a finite
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number of steps, say N , i.e., Ψ is wavelet equivalent to a vector-function ΨN such
that any non-trivial linear combination of its components is in Vm \ Vm−1 (in par-
ticular, it may happen that N = 0). By Proposition 10, rk(ΨN ) = (p − 1)pm−1.
So
rk(Ψ) = rk(Ψ0) ≡ rk(Ψ1) ≡ · · · ≡ rk(ΨN ) ≡ 0(mod p− 1)
whence Theorem 2 follows. Besides, Propositions 10 and 11 imply that ΨN (and
hence Ψ) is wavelet equivalent to an eigen standard Haar vector-function, which
proves the first part of Theorem 1.
Now suppose that every component of Ψ is compactly supported. By above
without loss of generality we can also assume that Ψ = (ψ(1), . . . , ψ(p−1))T is a
standard Haar vector function. Every function ψ(µ) is inW0. So it can be expanded
on the basis θ
(ν)
0,a , a ∈ Ip, ν = 1, . . . , p − 1, of this space where θ(ν) is the ν-th
component of the basic Haar vector-function Θ. Since ψ(µ) is compactly supported,
the expansion is finite. Therefore, there exists an integer n ≥ 0 such that
(5.1) ψ(µ) =
p−1∑
ν=1
pn−1∑
k=0
cµν,kθ
(ν)
0,k/pn , µ = 1, 2, . . . , p− 1,
where cµν,k is a complex number.
Let us denote by Ψ′ (resp. Θ′) the vector-function of rank (p− 1)pn with com-
ponents numerated by pairs (ν, k) where ν = 1, . . . , p − 1 and k = 0, . . . , pn − 1,
such that the (ν, k)-th component equals θ
(ν)
n,k/pn (resp. ψ
(ν)
n,k/pn). Due to Lemma 6,
the vector-functions Ψ′ and Ψ (as well as Θ′ and Θ) generate the same ONWB. So,
it only remains to check that Ψ′ and Θ′ are unitary equivalent.
To do this, from (5.1) we derive that
ψ
(µ)
n,l/pn =
p−1∑
ν=1
pn−1∑
k=0
cµνkθ
(ν)
n,(k+l)/pn , l = 0, . . . , p
n − 1,
and taking into account that θ
(ν)
n,(a+pn)/pn = χp
( − νp )θ(ν)n,i/pn for all a ∈ Qp due to
(3.1), we conclude that each function ψ
(µ)
n,l/pn is a linear combination of the functions
θ
(ν)
n,k/pn , ν = 1, . . . , p− 1, k = 0, . . . , pn − 1. Hence,
Ψ′ = UΘ′
where U is a matrix with complex entries. But the matrix U is unitary because the
components of each of the vector-functions Ψ′ and Θ′ form an orthonormal system
of the same rank. ♦
Proof of Theorem 3. Let p = 2, and θ = θ(1). For k = 0, 1 set
f (k)(x) =
√
2
2
1∑
l=0
e−2pii
l(1+2k)
4 θ1,l/2(x) =
1∑
l=0
e−2pii
l(1+2k)
4 θ
(
x− l
2
)
.
The vector-function (f (0), f (1)) generates an ONWB because it is unitary equivalent
to (θ1,0, θ1,1/2) and by Lemma 6 the latter generates the same ONWB as the basic
vector-function Θ = (θ). Note that f (0), f (1) ∈W1 and
(5.2) f (0)(x− 1) = if (0)(x), f (1)(x− 1) = −if (1)(x).
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For k = 0, 1, 2, 3 set
(5.3) g(k)(x) =
1
2
3∑
l=0
e−2pii
l(1+4k)
16 f
(0)
2,l/4(x) =
3∑
l=0
e−2pii
l(1+4k)
16 f (0)
(
x− l
4
)
.
We note that g(k) ∈ W3. Moreover, using (5.2) one can easily check that
(5.4) g(k)(x− 1) = e2pii 3+4k16 g(k)(x).
The vector-function (f (0), g(0), g(1), g(2), g(3))T generates an ONWB because from
(5.3) it follows that it is unitary equivalent to (f (0), f
(1)
2,0 , f
(1)
2,1/4, f
(1)
2,1/2, f
(1)
2,3/4)
T and
by Lemma 6 the latter generates the same ONWB as (f (0), f (1))T .
Let h(0) = af (0) + bg(2) + cg(3) where a, b, c ∈ C. Set
h(1)(x) = h(0)(x− 1).
Then h(1) = ζ4af (0) + ζ11bg(2) + ζ15cg(3) by (5.2) and (5.4) where ζ = e2pii/16. So
〈h(0), h(1)〉 = ζ12|a|2 + ζ5|b|2 + ζ|c|2
Take a, b, c so that |a|2 + |b|2 + |c|2 = 1 and the right-hand side of the last equality
equal 0 (e.g., a = λ, b = λ
√
cospi/8, c = λ
√
sinpi/8, where λ is a positive real).
Then there exists a unitary matrix of the form
U =
 a b cζ4a ζ11b ζ15c
α β γ
 .
Set h(3) = αf (0) + βg(2) + γg(3). Then (h(0), h(1), h(2))T = U(f (0), g(2), g(3))T . So
the vector function (g(0), g(1), h(0), h(1), h(2))T generates an ONWB. Finally, set
h(x) =
√
2
2
h(0)(2x).
Then h(0) = h1,0, h
(1) = h1,1/2, and consequently by Lemma 6 the vector function
Ψ = (g(0), g(1), h(2), h)T
also generates an ONWB. We observe that g(0), g(1), h(2) ∈ V4 and h ∈ V3. More-
over, since (β, γ) 6= (0, 0), the W3-parts of the functions g(0), g(1), h(2) with respect
to decomposition (2.5) span a linear space of dimension 3.
Suppose that Ψ = Ψ0 is reduced to a standard Haar vector-function (ψ) = ΨN
in N steps. There are two kind of steps: unitary ones for which rk(Ψj) = rk(Ψj−1),
and decreasing ones for which rk(Ψj) = rk(Ψj−1) − 1. Without loss of generality
it can be assumed that they alternate, the first step is unitary and the last is
decreasing. Since rk(Ψ0) = 4 and rk(ΨN ) = 1, we have N = 6, rk(Ψ1) = 4 and
rk(Ψ2) = 3. Moreover, Ψ1 is in V4, Ψ2 is in V3 and the W3-parts of components of
Ψ1 span a linear space of dimension at most 2, by the definition of decreasing step.
So Ψ0 as unitary equivalent to Ψ1, also has this property. However, the dimension
of the corresponding space for Ψ equals 3 by above, a contradiction. ♦
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